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EE3123 Introduction to
Electric Power Systems
Three-phase power
circuit analysis

Many thanks to Prof. Michael Tse

Prof. CQ Jiang



hree-phase voltages

AT Stator vy | Viph| = Vim
Ym_ A VB Ve VA Ve \/§

§ )\/ \/X\\/,M

_Vm

va = Vi sinwt = Vy = [V |Z0°
v = Vin Sil’l(wt — 1200) = Vg = |‘/ph|l—1200

Positive sequence
(phasor rotating anticlockwise
A leads B by 120°
Ve B leads C by 120°
Cleads A by 120°)

ABC Sequence

120°
120° > VA
120°

Vs

If |Va|=|Vs|=|Vc|=|V,n| and all phase differences are equal, the three-phase voltages are BALANCED.



POSITIVE SEQUENCE or ABC SEQUENCE

‘ A A

ver  Voa = V3V, £240°

Van = Vipn Z90°

Vap = V3V, £120°

- leads v, by 30° leads v, by 30°
B
' ¢
30°
T A/AE /100 | C B
E =\/3E,, g+30 ) Vo = V3V, £0°
o] f— _ O
Eb( = \/_ bnf+30 VCN — Vphézlo leads vy, by 30° VBN = ‘/phé_BO

E =V3E, g+30°



V,=110V Vac =190V [Delta Connetion ]
V, =220V V,.= 380V

VA = 240 V VAC = 416 V

Phase voltage Line voltage

[Star Connection ]




Three-phase balanced loads

If all loads are equal in a A Y A A
Y or A circuit, then the 10) ) 3()

: Z
three-phase load is A Zea Zag
BALANCED.

Zg

For balanced loads, ZBc
C B
Z,=32, B c
ZCAZAB ZaZp+ZpZc+ ZcZa
Za = ZaB =
Zap+ Zpc+ Zoa Zc
ZABZ AR ZaZp+ZpZc+ ZoZa
Zp = Zpc =
Zap+ Zpc + Zcoa ZA
ZBCZCA ZAZB + ZBZC’ + ZC’ZA
Zo = oA =
Zap+Zpc +Zcoa Zp
A T B A —— B
| I |
Pi-T Zat . Zpt , g ,
transformation <t < I BC
C C

https://www.youtube.com/watch?v=biomymzZbK-U&ab_channel=PhysicsNinja



Proof of Wye (Y) — Delta (A)

A - Y derivation . Re v @ ¥
= Rl R2
Rb Ra
R3
Z Z
In A In'Y
Rc(Ra + Rb)
R,, — Re || (Ra +Rb) — _
= Re | (Ra+R0) = pSUR T Ry~ R14R2

N
R,,: Rl1+ R2= Rc(Ra+ Rb)/(Ra+ Rb+ Rc)

The same for other two sub circuits l
R.,: Rl1+ R2= Rc(Ra+ Rb)/(Ra+ Rb+ Rc)
R,.: R2+ R3 = Ra(Rb+ Rc)/(Ra+ Rb+ Rc)
R..,: R3+ Rl1=Rb(Rc+ Ra)/(Ra+ Rb+ Rc)

ransformation

Ri=( R, + R. — R, )/2

Rc(Ra + Rb) + Rb(Rc + Ra) — Ra(Rb+ Rc)

Rb Re

" Ra + Rb+ Rc
The same to get R2 and R3.

- 2(Ra + Rb+ Rc)

R1

The A to Y transformation is,

B Rb Re
"~ Ra+ Rb+ Re
B Ra Rc
~ Ra+ Rb+ Rce
B Ra Rb
~ Ra+ Rb+ Re 6

R1

R2

R3




Proof of Wye (Y) — Delta (A)

Y — A derivation

The A to Y transformation is,

Rb Re
Rl = Ra + Rb+ Re
Ra Re
2= Ra + Rb+ Re
Ra Rb
Ch Ra + Rb+ Re

—

ransformation

Re The Y to A transformation is,
J R3 R2+ R3R1+ R1R2
Ra =
R1
Rb b — R3R2+ R3R1+ R1R2
R2
R3R2+ R3R1+ R1R2
Rc =
“ R3
R3 Rc
Ra Rb Repeat the previous P R Rc
R3  Ra+ Rb+ Re " R3Re R3Re
R1 Rb Re R3 RaRb Rb i = 1 Re
Ra + Rb + Rce R2 RaRc Rc
l - l - l R3 Rc
_ R1
R3 R R2 =
RBZRaRb:Ra Rb — RZC @Jr@Jrl
R1 Rbch Re l —
R3R2+ R3R1+ R1R2
o — R3 Re Re + 1
R1 R3
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Line currents —

Ia

A :
Line
Current

ransformation for Loads

Star Point

—




Three-phase electricity

Three Phase Electricity

Explained

Phase 3

Phase |

Neutral

Maximum - South

Phase 3 Phase 2

Decreasing - North

Q Gap, Paﬁ

Phase colours vary by countr

3 Phases

https://www.youtube.com/watch?v=40RT7PoXSS0&ab_channel=TheEngineeringMindset



Y-to-Y
circult

If the circuit is balanced, V,,
will be 0.

In other words, there will be
no returning current from N

V2h
The neutral cable is thus Power in each impedance = — cos 0
ded! 4
NOT needed! vah

Total power delivered to load = cos 6

A

10



Single-phase
equivalent

For a balanced circuit, we know
that

* Vy,=0.
e All line currents are equal
and differ by 120°.
* Equal power is dissipated in
each load.
So, we can simplify the
representation to a single-phase

circuit, like considering only one
of the phases.

Solve the circuit

like a single-phase
circuit, and then
extend allthe  V,
phase voltages and
currents
accordingly.

Z\\Z /0

Zp = (Line €08 ¢ + Z cos ) + j(Zine Sin @ + Z sin b))

Zr| = \/(Z]ine cos ¢ + Z cos0)? + (Zyipe Sin ¢ + Z sin 0)?

|Z7|

(current and voltage in rms)
Pr = I ,( Zyine cos ¢ + Z cos 6)
Qr =17 4(Ztine sin ¢ + Z sin 0)

Sr=1\/Pi+Q}
Or = tan™ ' (Qr/Pr)

11




V, = 110£0° V

Jnbalanced v, —iio/-120° v altinms
OadS V. =110£+120° V

i B é

What is the apparent power

delivered to the load by the T N Zy =50+ 380 Q
source? 2| Zp = 550 Q
L. Ze =100+ 525
aA = 51013_4,[;0 =1.16£-58° A lec
11043—1200 Sa=V,I; 4 =68+ 35109 VA
Iyp = 750 = 2.2/150° A Sp = Vi1, = j242 VA
Lo = 202200 07 1060 A Sc = Velzo = 114 4 j28 VA
100 4525 S=854+S5p+ Sc =182+ 3379 VA

Ing = Ign + Iyg + I.c =1.9556/144.2° A

12



Example: Balanced-A and-Y loads

A balanced, positive-sequence, Y-connected voltage source with E, = 480 /0°
volts is applied to a balanced-A load with Z, = 30/40° Q). The line impedance
between the source and load is Z; = 1/85° Q) for each phase. Calculate the line
currents, the A-load currents, and the voltages at the load terminals.

SOLUTION

First, convert the A load to an equivalent Y. Then connect the source and Y-load neutrals
with a zero-ohm neutral wire. The connection of the neutral wire has no effect on the
circuit, since the neutral current /,=0 in a balanced system.

480

o I, 25.83
E \ﬁﬂ Las = \ﬁ{+30° = W/—?&’/SO +30° = 14.91/-43.78° A
IA _ ah _ - 3 :
Z +Z 30 _ _ o
Lt 2y pe 30 Iye = 1491 /-163.78° A
3 i Iea = 14.91/476.22° A
277.1 /=30°

~ (0.0872 + j0.9962) + (7.660 + j6.428)

277.1/=30°  277.1/=30°
= = — 25.83/—73.78° A Exg = Zylag = (30/40°)(14.91 /—43.78°) = 447.3 /—3.78°
(7.748 + j7.424) ~ 10.73 /43.78° [FT378° e

The voltages at the load terminals are

2, = Fa0 @

E,. = 447.3 /—123.78°
b Z = 1/85Q I, = 25.83/166.22° A BC [—123.78°
B B Jo = 25.83 /46.22° A Ecs = 447.3/11622° volts
Cc OO0 A
": )

13



Instantaneous power (updated slide)

Balanced three-phase circuits

— it

— i,

—— ";b(f)

......................................................................

cos(a — ) = cosacos B + sin a sin 3

v (1) = V2V xcos(wt + 8)  volts
i (1) = V2I, cos(wt + B) A

Pult) = va(1)i(1)
= 2V Iy cos(wt + 6) cos(wt + B)
= VI cos(@ — B) + VI cosQuwt +6 +8) W

pu(t) = 2V nlcos(wt + 8 — 120°) cos(wt + B — 120°)

pt) = 2V I cos(w? + & + 120°) cos(wt + B + 120°)
= Vi nlp cos(® — B) + Vinlp cosRuwt + 6 + B +240°) W

P3e(0) = p0) + pi(t) + p (1)
= 3V I cos(6 — B) + Vil [cosQCwr + & + B)
+ cosQwt + 8 + B — 240°)
+ cosQwt + 6 + B + 240°)] W

14



(Average) Power (updated slide)

P3¢, — SVLNILCOb(ﬁ - B) W

{L

Vin =V /V3 and Py, = V3Vl cos(d—pB) W

' cos
P3, = 3VLNIL@

cos(6 — ) + cos(f + ¢) P3¢ = \/?VLLILCOS éé

2
cos(f — @) — cos(8 + )

2

cos B cos p =

sin@ sin ¢ =

V and I in rms values



Wattmeter

S—— X

S11A

Current coil

< -

Voltage coil é

Current coil picks up the current through
Voltage coil picks up the voltage across
Meter reading gives the average product.

P = Pyyverage = V1 cos o

where ¢is the angle between V and |

16



Wattmeter: Current sensing techniques

Measurement methods: KAWL "
1. Resistive (direct) (e
a. Shunt resistors & _D_ | \ N
2. Magnetic (indirect) | Rogowski Coil . =5 Flux Gate

a. Current transformer /7 NN
b. Rogowski coil — & A A A _Current |
. Hil Line .| : ) | .I'I [ | L —"'\'IHM— -
c. Hall effect device- hall sensor R/ | B N/ / /) L-Q—)
=’ \ S v

3. Transistor (direct) Current m( > st Shunt

Output

Ty

3. RDS(ON) Transformer  mosme—— ¢ Resistor
b. Ratio-metric all Sensor  magnet__
.,{,f ’_‘_‘\. ;.‘f,——. A
Lines of /7 \\ Wy
Force | ! Py
L | | Directional
Core  Square wawe Li |11 Magnetic
genergtor '| = | ] Field (H)
Secondary - \ iy
winding ’_{% P Amplifier \ 1-.\\\ S . lr_r;a
(H tum,) “mﬁ“' . 0 Himu Wl
NI RTINS
\‘* ] Constant Hall
‘ Current Flow + | voltage

1
curert 7R |

Load %
resistance TR
TL VymR

g

L
M

P-type

Semiconductor
Hall Elemen(

+ _{: - |17

DC Supply



Measuring power

mlvattmeter 1
A M 1L
c ™ m F o e

Py = |Vagl||1al| cos(¢ + 30°) = |V||I| cos(¢ + 30°)

Py = |Vgelllc| cos(30° — ¢) = |V||I| cos(30° — ¢)

Py + Py = |V||I|(cos(¢ + 30°) + cos(30° — ¢))
= 2|V ||I| cos 30° cos ¢ = V/3|V||I| cos ¢

+ COM
Van @  Vas Vg SUM OF THE READINGS = TOTAL LOAD POWER
- Y or Delta
Connected
S > Three-phase
N T Is Balanced
+ + Load
B
Ven Vien 4 Veg —
Balanced Supply COM I_W\,_,_,\
O _—0 >
M Wg L l"C
Wattmeter 2
VCB VBC
-« = - - - - e e = = - v o

18



Impedance angle

/\ P — Py = |V||I|(cos(¢ + 30°) — cos(30° — ¢)
A Mo M
ol o—J »—o

/ - = —2|V||I| sin 30° sin ¢ = —|V||I]| sin ¢

N COM
Van @ + Vag —
- Y or Delta
Connected Pl — PQ — tan ¢
_ _ o > ngele-phadse —
N / alance
+ + 5 5 Load Pl —I— PQ \/§
Ven Ven v Veg — P B P P B P
Balanced Supply COMI—’V\/\'—OV tan Qb _ _\/g 1 2 _ \/§ 2 1
S g —o—]— P+ P P+ P
W5, ¢

IMPEDANCE ANGLE CAN ALSO BE FOUND

cos(a — f3) = cosacos B + sin asin 3 19




Three-phase transformer arrangement

A H1 X1 |,
A - ® ® R a
+ 1 +
VAN - B _ Van
Y-Y connection
Primary and secondary
voltages are in phase
® P b | H2 X2 | i
B — P * A e b
+ +
VBN : Vbn
Y-connection provides a neutral
line which is good for transmission
as it allows unbalanced current to Ic H3 X3 _/_(;
flow out and simplify insulation. C— A °] L__ﬁ:____.. C
+ » -
,Q n
L 4




Three-phase transformer arrangement

Y-A connection

Y side to N is leading A side to n by 30°in
this case.

A-connection suppresses third harmonic
currents that are generated due to the
nonlinear core characteristics (hysteresis)
by trapping the harmonic currents in the A
loop.

. v N
Single transformer: 2% = 2

Vab Nx1

In single phase equivalent circuit, the A side
quantities

Van = ~2/-30°

or

I, = +/31,,/-30°

Thus, we have: V, = ﬁ% Von/30°
X1

: N : .
For p.u. calculation, V3 =22 will be eliminated.

H
Nx1

H1 X1
A : 1 2 - a
¢ L—1
N AL — b a
Y PR A
4 D
I = =
—AAA— —
M +
C - .
8 H3 X3 3"{ Vi
ol . WY °
L 1 /P c
: /’\a I:> -
=)
. en¥ . 1
Equivalent model
Y-A connection (p.u.)
30"
b
AB: ab -

Y side to N is leading A side to n by 30° in this case.
21



Per unit for three-phase transformer

Y-Y connection

The following are two conventional rules for selecting
base quantities:

e A common Shase is selected for both the H and X
terminals.

* The ratio of the voltage bases Vbasen/Vbasex is selected to
be equal to the ratio of the rated line-to-line voltages
VratedHLL/VratedXLL.

For the American standard, the positive-sequence (A-B-C)
voltages and currents on the high-voltage side of the Y-A
transformer lead the corresponding quantities on the
low-voltage side by 30°.




Example: Voltage calculations

* Three single-phase two-winding transformers, each rated 400 MVA, 13.8/199.2 kV, with leakage
reactance X.,=0.10 per unit, are connected to form a three-phase bank. Winding resistances and
exciting current are neglected. The high-voltage windings are connected in Y. A three-phase load
operating under balanced positive- sequence conditions on the high-voltage side absorbs 1000
MVA at 0.90 p.f. lagging, with V.v=199.2/0" kV. Determine the voltage V..at the low-voltage bus if
the low-voltage windings are connected (a) in Y and (b) in A.

SOLUTION for (a)

Using the transformer bank ratings as base quantities,
Spases0=1200 MVA, Viwsern: =345 KV, and lossen= 1200/(345+/3) =2.008 KA.

The per-unit load voltage and load current are then I I, = 0.8333 /—25.84°
; — 3.4 —-
Vav=1.0/0° per unit n o ; !,eq, / — +
1000/(345V/3) L ) _ j0.10
[, = 2 008 /—cos'0.9 = 0.8333 /—25.84° per unit Vian Vay= 10 /0°

I,=1,=0.8333/-25.84° per unit - - -
Y connected winding

Q

V;m = I,’.-I.'\" + (.JJXCLJ}]-!

= 1.0 /0° + (j0.10)(0.8333 /—25.84°)

= 1.0 + 0.08333 /64.16° = 1.0363 + ;0.0750 = 1.039 /4.139°
/ m) V., = 14.34/4.139° kV
= 1.039 /4.139° per unit
Further, since Vy,eyry =13.8 kV for the low-voltage Y windings, V,, = 1.039(13.8)

= 1434 kV, and 23



Example: Voltage calculations

* Three single-phase two-winding transformers, each rated 400 MVA, 13.8/199.2 kV, with leakage
reactance X.,=0.10 per unit, are connected to form a three-phase bank. Winding resistances and
exciting current are neglected. The high-voltage windings are connected in Y. A three-phase load
operating under balanced positive- sequence conditions on the high-voltage side absorbs 1000
MVA at 0.90 p.f. lagging, with Vuav=199.2/0° kV. Determine the voltage V..at the low-voltage bus if

the low-voltage windings are connected (a) in Y and (b) in A.
SOLUTION for (b)

*Y side to N is leading A side to n by 30° in this case.
E, = 1.0/=30° per unit

I, =0.8333/—25.84° — 30° = 0.8333 /—55.84° per unit

Viw = Eg + (X )1, = 1.0/=30° + (j0.10)(0.8333 /—55.84°)
Ve = 1.039/—25.861° per unit

I I, = 0.8333 /-25.84°

— [ ] ®

+S__\ AANS = 1
Van [010 Ean% g VAN =10 E
— . - 1

A connected winding

Further, since Vi,exn = 13.8/V3 = 7.967 kV for the low-voltage A windings,

V. = (1.039)(7.967) = 8.278 kV, and

an

V,, = 8.278/—25.861° kV

24



g
(4°)
O
o©
c
1Y)
)
O
S
>
o
(%)
v
a0
©
+
o
>
)
(%]
©
<
>
)
v
S
<
T
[ ]

* Y and A connections

* Phase and line values

* Power in three-phase loads

* Wattmeter and measurements

* 3¢ transformer connections
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